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We have systematically investigated the Ruderman-Kittel-Kasuya-Yosida (RKKY) interaction between two
magnetic impurities in Weyl semimetals with arbitrary monopole charge Q. We find that the RKKY interaction
becomes intrinsically anisotropic for Q ≥ 2, and its dependence on Fermi energy and impurity separation is
directly controlled by the monopole charge. With the increase of Q, the RKKY interaction becomes more
long-ranged and more anisotropic, which makes interesting magnetic orders easier to form and thus may have
important applications in spintronics.
I. INTRODUCTION
Electronic band structure plays a fundamental role in con-
densed matter physics because many properties of materials
are directly determined by it [1]. Recently, Weyl semimetals
(WSMs) have attracted major research interest because their
energy bands host isolated crossing points protected by topol-
ogy [2–9]. A remarkable property of the crossing points is
that they carry integer Berry flux and thus can be taken as
monopoles in momentum space [10]. As a direct consequence
of the integer Berry flux (or the monopole charge), equal num-
bers of chiral Landau levels will show up in the presence of a
magnetic field. If an electric field is further applied in paral-
lel with the magnetic field, novel phenomena related to chiral
anomaly will take place [11–15].
Although WSMs have been extensively studied, most
works are restricted to the WSMs belonging to the class with
monopole charge Q = 1 [16–19], and the classes with Q ≥ 2
remain much less explored due to lack of experimentally con-
firmed materials. In contrast with the Q = 1 class, the
classes with Q ≥ 2 will inevitably show anisotropic energy
dispersion away from the crossing points [20–22]. Conse-
quently, their density of states will also show distinctive power
laws, which immediately indicates that the monopole charge
will affect a series of physical properties [23–31]. Moti-
vated by these observations, in this work we give a systematic
study on the Ruderman-Kittel-Kasuya-Yosida (RKKY) inter-
action [32–34], which is an indirect interaction between mag-
netic impurities induced by itinerant carriers, for WSMs with
arbitrary monopole charge.
The RKKY interaction in WSMs with Q = 1 have already
been investigated [35, 36]. Based on the ideal isotropic model,
the authors found that the interaction is isotropic, and for the
intrinsic case it decayswith a power law HRKKY(R) ∝ R
−5 with
R the distance between two impurities; while for finite doping,
the decaying power law becomes HRKKY(R) ∝ R
−3, indicating
that the interaction is in fact quite short-ranged [35, 36]. In
this work, we generalize these studies to arbitrary large Q, and
find that for Q ≥ 2, the interaction becomes anisotropic, with
HRKKY(z) ∝ z
−4/Q−1 and HRKKY(ρ) ∝ ρ
−Q−4 for the intrinsic
case, and HRKKY(z) ∝ z
−2/Q−1 and HRKKY(ρ) ∝ ρ
−3 for finite
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doping. Thus, for large Q, the interaction becomes quasi-one-
dimensional and long-ranged, which may trigger interesting
magnetic orders. Besides, the power law can be utilized as a
way to determine the monopole charge of WSMs.
The paper is organized as follows. In Sec. II, we outline
the setup of our model and deduce general forms of RKKY
range functions. In Sec. III, we present long-range asymptotic
results for two most representative alignments of impurities,
namely along the line connecting the multi-Weyl points and
in the perpendicular plane. Both the dependence on impurity
separation and on Fermi energy are discussed. We end with
brief conclusion in Sec. IV.
II. THE SETUP
As Weyl points emerge from the touching of two adjacent
non-degenerate bands, the low-energy effective Hamiltonian
near Weyl points with monopole charge Q can be generally
written down as follows,
H0(k) = χλ
(
k
Q
−σ+ + k
Q
+σ−
)
+ χv(kz − χk0)σz, (1)
in which σ± =
1
2
(σx ± iσy) and k± = kx ± iky, σx,y,z denote
Pauli matrices in real spin space; χ = ± denote two kinds of
chirality of multi-Weyl points; λ is a parameter with mass di-
mension (1−Q), and v is the Fermi velocity in the z direction.
The multi-Weyl points are located at ±(0, 0, k0) in momentum
space. We will refer to the line connecting the multi-Weyl
points as the vertical direction, and the plane perpendicular to
the line as the transverse plane.
Now we consider two magnetic impurities with localized
spins S1 and S2 that are well embedded into the WSMs, such
that the effect of surface states can be neglected. Besides, for
simplicity of notation, the two localized spins are placed at
the origin of coordinates and position R. The standard s-d
interaction, which describes the coupling between localized
spins and itinerant electrons, is given by
HI = (Jτ0 + Λτx)Si · σδ(r − Ri), (2)
where J and Λ represent the intranode and internode coupling
strength, respectively. The s-d interaction can be treated as
a perturbation to the multi-Weyl Hamiltonian. At zero tem-
perature, the RKKY interaction between these two magnetic
2impurities can be obtained by second order perturbation the-
ory [32–36], which is
HRKKY =
∑
α,β,χ,χ′
[
J2δχχ′ + Λ
2(1 − δχχ′ )
]
S α1S
β
2
×Im
{
−
1
π
∫ ǫF
−∞
dǫTr
[
σαGχ(ǫ,R)σβGχ′ (−ǫ,R)
]}
, (3)
where ǫF is the Fermi energy, Gχ(ǫ,R) denotes the real-space
Green’s functionmatrix in the absence of magnetic impurities.
A. GREEN’S FUNCTION
In the absence of magnetic impurities, the Green’s function
in momentum space takes the form of G−1χ (ǫ, k) = ǫ − H0(k).
To get its form in the energy-coordinate representation, we
perform a Fourier transformation,
Gχ(ǫ,R) =
∫
d3k
(2π)3
ǫ + H˜0(k)
ǫ2 − E2
k
eik·Reiχk0z, (4)
where Ek =
√
λ2k
2Q
ρ + v
2k2z with kρ =
√
k2x + k
2
y , and H˜0(k) =
χλ
(
k
Q
−σ+ + k
Q
+σ−
)
+ χvkzσz. Note that the energy dispersion
relation is linear in the vertical direction and non-linear in the
transverse plane for Q ≥ 2.
The above integration can be more conveniently solved in
spherical coordinates, i.e. (kx, ky, kz) → (k, φ, ψ), where φ de-
notes the angle between the momentum vector and the x-y
plane. Also, we write R in cylindrical coordinate R = (ρ, θ, z).
After some straightforward calculations, we find that
Gχ(ǫ,R) = Cge
iχk0z (g0σ0 + χg1σs + χg3σz) , (5)
where σs = σ · sˆ(θ), with sˆ(θ) = cos(Qθ)xˆ + sin(Qθ)yˆ, and
the constant multiplier defined as Cg = −
1
4Qπ2v
(
vk0
λ
)2/Q
. The
dimensionless coefficients g0,1,3(ǫ, ρ, z) are complex functions
of the following form,
g0(ǫ, ρ, z) =
ǫ
(k0v)2/Q
∫ +∞
0
dq
∫ π/2
−π/2
dφ
q2/Q(cosφ)2/Q−1J0
(
(q cosφ/λ)1/Q ρ
)
cos (qz sinφ/v)
q2 − ǫ2
,
g1(ǫ, ρ, z) =
iQ
(k0v)2/Q
∫ +∞
0
dq
∫ π/2
−π/2
dφ
q2/Q+1(cosφ)2/QJQ
(
(q cosφ/λ)1/Q ρ
)
cos (qz sinφ/v)
q2 − ǫ2
,
g3(ǫ, ρ, z) =
i
(k0v)2/Q
∫ +∞
0
dq
∫ π/2
−π/2
dφ
q2/Q+1(cosφ)2/Q−1J0
(
(q cosφ/λ)1/Q ρ
)
sin (qz sinφ/v) sin φ
q2 − ǫ2
. (6)
Gχ(ǫ,−R) can be readily obtained by substituting θ → θ+π
and z → −z into Eq. (5). Noticing that sˆ(θ + π) = (−1)Q sˆ(θ),
we readily have
Gχ(ǫ,−R) = Cge
−iχk0z
(
g0σ0 + (−1)
Qχg1σx − χg3σz
)
. (7)
Bringing these results back into Eq.(3), the composition of
RKKY interaction can now be analyzed.
B. RKKY INTERACTION
We find that the RKKY interaction in multi-WSMs gener-
ally have four distinctive types of terms,
HRKKY (ǫF ,R) = F1S1 · S2 + F2 (S1 × S2) · sˆ
+F3(S1 · sˆ)(S2 · sˆ) + F4S
z
1
S z
2
, (8)
where the range functions F1,2,3,4 are defined as follows:
F1 =
1
2
[
G00
(
J2 + Λ2 cos(2k0z)
)
+
(
G33 + (−1)
Q+1G11
) (
J2 − Λ2 cos(2k0z)
) ]
,
F2 =
1 + (−1)Q
2
G01Λ
2 sin(2k0z),
F3 = (−1)
QG11
(
J2 − Λ2 cos(2k0z)
)
,
F4 = −G33
(
J2 − Λ2 cos(2k0z)
)
. (9)
In the above equation, the first term is the rotation-invariant
Heisenberg term, which favors either parallel or antiparal-
lel alignment of the impurity spins depending on the sign
of F1. The second term is the Dzyaloshinsky-Moriya (DM)
term [37, 38], which favors configurations in which the im-
purity spins are orthogonal; this term should vanish for odd
Q because inversion symmetry remains intact in these cases.
The third term is the so-called spin-frustrated term, which fa-
vors the (anti)parallel alignment of the impurity spins along
sˆ. Importantly, for both the DM and spin-frustrated terms, the
favored direction sˆ generally does not coincide with ρˆ (align-
ment of the two magnetic impurities projected on the trans-
verse plane) for Q ≥ 2, which predicts novel spin structures
3for multi-WSMs. The last term is the Ising term. Note that
when Q = 1, i.e. for single Weyl nodes, sˆ = ρˆ and Eq. (8)
reduces to the form derived in [36].
Note that when we generalize our system to many mag-
netic impurities which are distributed randomly in real mate-
rials, the spin-frustrated term frustrates the spins of magnetic
impurities, hence the terminology. Furthermore, the rapid os-
cillating terms Λ2 cos(2k0z) and Λ
2 sin(2k0z) should average
out (over impurity positions) for large momentum separation
2k0 and do not contribute to net magnetization. The intranode
process thus contribute predominately to the RKKY interac-
tion [35, 39]. We will take this simplification in the following
discussions.
Our main quest now reduces to calculating the Gi j coeffi-
cients, as defined for i, j ∈ {0, 1, 3},
Gi j(ǫF ,R) ≡
C
k0v
× Im
∫ ǫF
−∞
dǫgig j
= CIm
∫ ǫ˜F
−∞
dǫ˜g˜ig˜ j ≡ CG˜i j, (10)
with constant C = − k0
2Q2π5v
(
vk0
λ
)4/Q
. The momentum sepa-
ration of multi-Weyl points provides a natural scale for our
system. For convenience, we will switch to dimensionless
variables ǫ˜ ≡ ǫ/(k0v), z˜ ≡ k0z and ρ˜ ≡ (k0v/λ)
1/Qρ. Natu-
rally, two most interesting cases are ρ˜ = 0 and z˜ = 0, which
correspond to impurities alignment along the z axis and in the
transverse plane, respectively. We discuss both scenarios in
details below. The Gi j’s are generally not analytically inte-
grable. Fortunately, for large values of z˜ and ρ˜, we manage to
devise analytical approximations that agree well with numer-
ical results.
III. RESULTS AND DISCUSSIONS
A. IMPURITIES AlONG THE VERTICAL DIRECTION
For magnetic impurities aligned along the vertical direc-
tion, i.e., ρ˜ = 0, as JQ(0) = 0 for Q ∈ Z
+ and J0(0) = 1,
the g˜i coefficients can be simplified to
g˜0 =
∫ +∞
0
dq
∫ π/2
−π/2
dφ
ǫ˜q2/Q(cosφ)2/Q−1 cos (qz˜ sin φ)
q2 − ǫ˜2
,
g˜3 = i
∫ +∞
0
dq
∫ π/2
−π/2
dφ
q2/Q+1(cos φ)2/Q−1 sin (qz˜ sin φ) sin φ
q2 − ǫ˜2
,
g˜1 = 0. (11)
The asymptotic dependence of g˜i on z˜ and ǫ˜ can be shown
heuristically. For g˜0, the integration of the numerator over φ
has ǫ˜(q/z˜)1/Q cos(qz˜ − π/2Q) as the leading term, the subse-
quent Cauchy integration over q gives g˜0 ∝ (ǫ˜/z˜)
1/Q exp(i(ǫ˜z˜−
π/2Q)). Also, it is explicit from Eq. (11) that g˜3 = −
i
ǫ˜
∂
∂z˜
g˜0.
At large distance z˜ >> 1, it is readily seen that g˜0 ≈ g˜3.
The coefficients G˜i j thus take the following form for finite
Fermi energy and at long distance,
G˜00(ǫ˜F , z˜) ≈ G˜33(ǫ˜F , z˜) ≈
α1 ǫ˜
2/Q
F
z˜2/Q+1
cos(2ǫ˜F z˜ −
π
Q
), (12)
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FIG. 1. The exact RKKY range functions (in units of J2C) for im-
purities in the vertical direction. Here Q = 2. The top and bottom
panels show power law dependence of RKKY range functions on im-
purity separation and on Fermi energy, respectively. The Ising term
cancels with the z-th component of the Heisenberg term, leading to
XY-like spin model.
where α1 =
22/Qπ2
8
(
Γ
(
1
Q
))2
is a real constant that only depends
on chiral charge Q.
It is understood that the integration over occupied states in
the valence band (
∫ 0
−∞
dǫ˜g˜2
i
) generates unphysical divergence,
which can be regulated using the soft cutoff procedure [40].
Specifically, for the intrinsic case (ǫF = 0), the corresponding
form can be obtained by dimensional analysis,
G˜00(0, z˜) ∼ G˜33(0, z˜) ∝
1
z˜4/Q+1
. (13)
The above terms could be safely dropped from Eq. (12) since
we are only interested in the long range scenario. Note that
the leading term argument does not apply to infinite integrals,
hence the ∼ between G˜00(0, z˜) and G˜33(0, z˜) indicating differ-
ent constant multipliers. The constant multipliers can in prin-
ciple be worked out numerically for each chiral charge Q.
Finally, we have the long range asymptotic form of RKKY
interaction for impurities along z axis. For finite doping,
Hz
RKKY
∝
ǫ˜
2/Q
F
cos(2ǫ˜F z˜ − π/Q)
z˜2/Q+1
(S1 · S2 − S
z
1
S z
2
). (14)
For reference, Fig. 1 plots exact numerical results of RKKY
4range functions in double-Weyl semimetal (Q = 2) with verti-
cal impurity alignment. The power law dependence on impu-
rity separation and Fermi energy agree well with our asymp-
totic result. The cancellation of the Ising term and the z-th
component of the Heisenberg term was first reported in [35]
for Q = 1 and we confirm that it is a shared feature for all
monopole charges with vertical impurity alignment.
For the intrinsic case, the RKKY interaction becomes
nonoscillatory,
Hz,0
RKKY
∝
1
z˜4/Q+1
(S1 · S2 − β1S
z
1
S z
2
), (15)
with β1 being a real constant to be determined numerically for
given Q. With the increase of monopole charge, the RKKY
interaction becomes more long-ranged.
B. IMPURITIES IN THE TRANSVERSE PLANE
For magnetic impurities aligned in the transverse plane, i.e.,
z˜ = 0, the g˜i coefficients can be simplified to,
g˜0 =
∫ +∞
0
dq
∫ π/2
−π/2
dφ
ǫ˜q2/Q(cosφ)2/Q−1J0
(
(q cosφ)1/Qρ˜
)
q2 − ǫ˜2
,
g˜1 = i
Q
∫ +∞
0
dq
∫ π/2
−π/2
dφ
q2/Q+1(cosφ)2/QJQ
(
(q cosφ)1/Qρ˜
)
q2 − ǫ˜2
,
g˜3 = 0. (16)
Analogous heuristic argument can be applied to the above
equations. The coefficients G˜i j take the following form for
finite Fermi energy and at long distance,
G˜00(ǫ˜F , ρ˜) ≈ G˜11(ǫ˜F , ρ˜) ≈
α2ǫ˜
1/Q+1
F
ρ˜3
cos(2ǫ˜
1/Q
F
ρ˜), (17)
where α2 = −Q
2π2/2 is a real constant determined by
monopole charge Q.
The asymptotic RKKY interaction for impurities in the
transverse plane thus reduces to,
H
ρ
RKKY
∝
ǫ˜
1/Q+1
F
cos(2ǫ˜
1/Q
F
ρ˜)
ρ˜3
× sc, (18)
with the spin correlator
sc =
{
S1 · S2 − (S1 · sˆ)(S2 · sˆ), Q odd,
(S1 · sˆ)(S2 · sˆ), Q even.
(19)
For odd Q, the spin correlator term is much similar to the that
derived in Eq. (14), only that the preferred spin alignment sˆ
generally does not coincide with impurity alignment ρˆ when
Q , 1. For even Q, the spin-frustrated term dominates the
RKKY interaction since the components of the Heisenberg
term cancel out.
Fig. 2 shows exact numerical results of RKKY range func-
tions in double-Weyl semimetal (Q = 2) for impurities in the
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FIG. 2. The exact RKKY range functions (in units of J2C) for impu-
rities in the transverse plane. Here Q = 2. The top and bottom panels
show power-law dependence of RKKY range functions on impurity
separation and on Fermi energy, respectively. The spin-frustrated
term dominates over the Heisenberg term for even monopole charges.
transverse plane, the power-law dependence on impurity sepa-
ration and Fermi energy agree well with our analytical result.
Note that the cancellation of G˜00 and G˜11 is valid up to the
leading order and leaves out a minor Heisenberg term propor-
tional to ǫ˜F
ρ˜4
sin(2ǫ˜
1/Q
F
ρ˜) (see solid red lines in Fig. 2). Similar
higher-order residual term is also present between the can-
cellation of F1 and F4 in previous subsection (not explicitly
plotted in Fig. 1).
For the intrinsic case, the regulated result of the divergent
integration
∫ 0
−∞
dǫ˜g˜2
i
gives
G˜00(0, ρ˜) ∼ G˜11(0, ρ˜) ∝
1
ρ˜Q+4
, (20)
and the RKKY interaction becomes non-oscillatory,
H
ρ,0
RKKY
∝
1
ρ˜Q+4
[
S1 · S2 − β2(S1 · sˆ)(S2 · sˆ)
]
, (21)
with β2 being a real constant for given Q. For large monopole
charge, the interaction becomes quite short-ranged in planar
directions.
5C. DISCUSSION OF THE RESULTS
Eq. (14), Eq.(15), Eq.(18) and Eq.(21) constitute the central
results of our present work. It is quick to verify that for Q = 1
WSMs, the RKKY interaction takes the form of
HRKKY ∝
ǫ˜2
F
cos(2ǫ˜FR˜)
R˜3
(S1 · S2 − S
j
1
S
j
2
), (22)
for finite doping, and
H0RKKY ∝
1
R˜5
(S1 · S2 − βS
j
1
S
j
2
), (23)
for the intrinsic case, where j denotes the direction of impurity
alignment. Both formulas coincide with the results previously
obtained in refs. [35, 36].
Compared to the Q = 1 case, several distinctive features
arise for Q ≥ 2. First, for finite doping the RKKY interac-
tion decays as 1/z˜2/Q+1 and 1/ρ˜3 for two representative impu-
rity alignments (as 1/z˜4/Q+1 and 1/ρ˜Q+4 for the intrinsic case,
respectively). With the increase of monopole charge Q, it
is readily seen that the range functions become more long-
ranged in the vertical direction. Second, the power-law de-
pendence on the Fermi energy amounts to ǫ˜
2/Q
F
for the vertical
direction and ǫ˜
1/Q+1
F
for the transverse directions, suggesting
that the increase of Fermi energy contributes a bigger boost
to the RKKY range functions in the latter case. Besides, there
exists an even-odd discrepancy for impurities in the transverse
plane: for odd Q, the Heisenberg term coexists with the spin-
frustrated term; while for even Q the Heisenberg term cancels
out up to leading order and the spin-frustrated term dominates
the RKKY interaction (see Eq.(19)).
IV. CONCLUSION
In summary, we have studied the RKKY interactions for
WSMs with arbitrary monopole charge Q and analytically ob-
tained their asymptotic expressions in the long range limit.
The results indicate that the power-law dependence of the
RKKY interaction on impurity separation and Fermi energy is
directly controlled by the monopole charge. As the power-law
dependence is tightly related to the monopole charge, it thus
provides a potential way to determine the monopole charge
of WSMs. More importantly, the interaction becomes quite
long-ranged and quasi-one-dimensional for WSMs with large
monopole charge, which may trigger interesting magnetic or-
ders and result in applications in spintronics.
Besides the material candidates predicated by first-principle
calculations [20, 22], recently, several other works postu-
late that multi-WSMs can be dynamically created either from
normal insulators [41] or from crossing nodal line semimet-
als [42, 43]. Considering the rapid development of this field,
it is expected that our theoretical predictions can be experi-
mentally tested in near future.
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